Introduction to Statistics |

Instructor: Jodin Morey = moreyj@lemoyne.edu

Previous Lecture
¢ Five Number Summary (FNS)

¢ Box plot — =

¢ Outliers ooo 00 )

¢ Modified Box Plot

Topic 12: Normal Distributions

What are normal distributions?

Example: Body Temperatures
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I take my temperature, and it’s 97.5° or 99°. Are these concerning?

¢ % in this sample below 97.5°?
¢ % in this sample above 99.0°?
¢ s this a histogram of a sample or the population (people of the world)?

¢ How do we estimate proportions in a population when we have proportions from a sample?

Using exact sample numbers leads to overfitting, where we assume the population behaves identically to our sample.

Instead, let’s fit a mathematical model.



The curve is a function/model that "fits" the data.
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Diabetes Diagnosis vs Age

0 The curves for diabetes/body temps look similar!

Normal Curve

The Normal Dist. was discovered in 1809; in an attempt to locate the dwarf planet Ceres.

Normal Distribution
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Body Temps w/a Mathematical Model
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The only difference between the body temps curve, and a normal distr is that to generate Area=1

a normal distr, you must scale the curve so that the area under the curve is equal to one.

There’s only one normal distr for every mean & SD.

What's different between:

red & green dists? s P . = -
. X

red & blue dists?

blue & green dists? Normal Distrs.
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Applets: Normal Distr Generator
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Percent of people in this sample below 97.5°?

StatKey| Theoretical Distribution

Using a Normal Model
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To draw a normal curve, we need mean and SD.

Mean is 98.24. SD is 0.734.

So (using applet), area under the curve below 97.5 is 0. 157.
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Interpreting Probabilities
What does this 0. 157 mean?

¢ = 15.7% of body temps are less than 97.5.

¢ Repeated sampling would find = 15.7% of people in each sample would have body temps less than 97.5.

¢ Probability that randomly selected person has temp < 97.5° is = 15.7%. Or, P(temp < 97.5°) = 0.157.

Blood Pressure Example .
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We need the mean (68) & SD (13.9) to use the normal model. Diastolic

Probability of observing someone w/diastolic less than 54?
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Applets: Normal Dist Generator



Conclusion:
¢ Probability of observing someone w/diastolic < 54 is 0. 157.
P(BP < 54) = 0.157.

¢ Proportion of population w/diastolic < 54 is 0. 157.
Eg: 15.7% of people have diastolic BPs below 54.

Z-Scores

Area to

Temps & BP left of Z
Recall: Probability of observing temp < 97.5 is 0. 157.

Z-score
Probability of observing diastolic < 54 is 0. 157.

Why are these both the same??
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Normal Dist Generator

Recall: Body temp mean is 98.24 & SD is 0.734.  z-score for 97.5?

97.5-98.24 —1.01

2= 0734

Recall: BP mean is 68 & SD is 13.9. z-score for 547?

_ 5468 .
2= 38 o 101

0 Observations w/same z-scores give same probabilities, regardless of context. ot

z] w0 01 02 03 04 05 06 07 08 09
L4 | 08076 07927 07780 07636 07493 07353 07215 07078 06944 06811
13| 09680 09510 09342 09176 09012 08851 08691 08534 08379 08226

-1.2 11507 11314 11123 10935 10749 10565 10383 10204 10027 09853

-L1 | 13567 13350 13136 12924 12714 12507 12302 12100 11900 11702

14l . -1.0 15866 15625 15386 .15151 14917 14686 14457 14231 14007 13786

We use z-score calculators to calculate probabilities, (in the old days, z-tables). e s — o1 — i oty
> 2 -08 | 2118 20897 20611 20327 20045 19766 19489 19215 .18943 .18673

0.7 | 24196 23885 23576 23270 22965 22663 22363 22065 21770 21476

06 | 27425 27093 26763 126435 26109 25785 25463 25143 24825 24510

-0.5 | 30854 30503 30153 29806 29460 29116 28774 28434 28096 27760

04| 34458 34090 33724 33360 32997 32636 32276 31918 31561 31207

0.3 38209 37828 37448 37070 36693 36317 35942 35569 35197 34827

. . 02 [ 42074 41683 41294 40905 A0S17 40129 39743 39358 38974 38591

Standard Normal' normal dlst Wlth mean 0 and SD Of 1 0.0 | 46017 45620 45224 44828 44433 44038 43644 43251 42858 42465
* * * 0.0 | 50000 50399 50798 51197 51595 51994 52392 52790 53188 .53586

0.1 | 53983 54380  .54776 55172 55567  .55962  .56356  .56749 57142 57535

0.2 57926 58317 58706 59095 59483 59871 60257 60642 61026 61409

03 | 61791 62172 62552 62930 63307 63683 64058 64431 64803 65173

04 | 65542 65910 66276 66640 67003 67364 67724 68082 68439 68793

oq e . . oq . 06 | 72575 72907  .73237 73565 73891 74215 74537 74857 75175 75490
Probability associated w/z-score found by using std normal probability table ol ol et wm mw omm e o mm
. 08 | 78814 79103 79389 79673 79955 80234 80511 80785 81057 81327

09 | 81594 81859 82121 82381 82639 82894 83147 83398 83646 83891

10| 84134 84375 84614 84849 85083 85314 85543 85769 8599 86204
L1 [ 86433 86650 86864 87076 87286 87493 87698  $7900 88100 88298
12| 88493 88636 88877 89065 89251 89435 89617 89796 89973 90147
13| 90320 90490 90658 90824 90988 91149 91309  9lde6 912l 91774
14| 91924 92073 92200 92364 92507 92647 92785 92920 93056 93189

Table value (TV) for that z-score gives probability of observing that value or lower. Negative Z Score Table  Positive Z Score Table

Incomplete z-score table



To find probability of observing less than a certain value x using normal model:

¢ Find the z-score

¢ Use z-score calculator to discover area to the left or right of the z-score.
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Calculators: z-score calculator

Example: US Birthweights in 2004 modeled by normal distr.
w/mean 3300 g (= 7.3 Ibs) and SD 570 g (= 1.3 Ibs). /\

Babies weighing less than 2500 g (= 5.5 Ibs) are low birthweight.

P (birthweight <25 00)? (use a z-score calculator)

Birthweights

z-score for 2500:

2500-3300 —1.40

Z= "5

Area to the left for z = —1.40:

0.0808

T T
4440 5010

33‘0 0 38‘? 0

X

T
1590 2160 2730

Probability of low birthweight is 0. 0808: ) )
P(birthweight < 2500) = 0.0808. Low birthweights

Proportion of babies we predict to weigh more than 10 lbs (4536 g)?

4536-3300 2.17

Z= 750

Area to the right forz = 2. 17 is:

0.0150 ,

T T T T T T
1590 2160 2730 3300 3870 4440 5010
X

High Birthweights



Mid-Weight Babies
The probability that a randomly selected baby weighs between 3000 and 4000 g?
Recall the mean is 3300, SD is 570.

1590 2160 2730 3300 3870 4440 5010
X

Need: z-scores to find P(birthweight < 3000).

Also, z-scores to find P(birthweight < 4000).

How to find probability of being between them?

1590 2160 2730 3 4440 5010

3000-3300
23000 = sy - R — 0.5263.

Area to the left:

0.2993.

The z-score for 4000?

zg000 = 20EB0 ~ 1.2281. Area to the left: 0.8903

So, probability of between 3000 g and 4000 g:

0.8903 —0.2993 = 0.591

Proportion of babies born w/weights between 3000 and 4000 g is 0.591.

Putting it all together, when calculation probabilities:

¢ Calculate z-score

¢ Look-up z-score area (either to the left or right)

¢ If probability is between two scores, calculate the z-scores and areas to the left, and find the difference (larger minus smaller).



Activities: 12-2
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Calculators: z-score calculator

What did we learn?

¢ Normal distr for each mean and SD.

¢ Probability of observing data pt less/greater than some other value

¢ z-scores, areas under normal curves



