Differential Equations and Linear Algebra

11.1 Exercises - Solutions 2

Problem 1.  Solve y" —xy = 0 using a power series centered at x = 0.
Solution: Assume a power series solution: y(x) = > a,x".

Observe: y"(x) = > ° aun(n—1)x"2.

Substituting into the DEQ: > " a,n(n— 1)x"2 —x> " a,x" = 0

In order to compare these, I need to first move the x into the 2nd sum.
XD anx" =3 anx!

Now, I need to get the same indexing.
This can be done a few ways, but I will aim for having all of the indexing result in x” terms.

Having n — n + 2 in the first series gives us: D" a,n(n— 1)x"? > 3" ‘a,n(n+1)(n+2)x".
Having n - n — 1 in the 2nd series gives us: " a,x"™' - 3" a, 1x".

So our equation becomes: Y " ana(n+ 1)(n+2)x" =3 " a,1x" = 0.

Peeling off one term from the first series, so we have both series starting at the same index, gives us:
0=2a2+2," ama(n+1)(n+2)x" =D " ay1x" =2ay+ ) [apa(n+1)(n+2) —a,]x".

Comparing powers of x, we see for x° : a» = 0.

[

Forx” where n > 1: apo(n+1)(n+2) = a,1 or apn = (r)(nr2)

This is a 3-term recurrence relation, so we must set the first 2 terms to arbitrary constants: ag = 4, a; = B.

So we have: {A B,0,4, 50,4, <5-,0,.. }

- no_ - Axd g Byh g Ay By
And y(x) = > " Oanx =ao+aix+ax? +...= A+ Bx+ Lx + Hxt+ Loxt + oxT

180 +B<X+ * 540 540 t. >

Problem 2.  Solve y" +xy' = 0 using a power series centered at x = 0.

Solution: Assume a power series solution: y(x) = Z;OZO anx”".
Observe: y'(x) = 2" a,nx"". and y"(x) = D" aun(n — 1)x"2
Substituting into the DEQ: D" a,n(n — )x"2 +x " anx""' =0
In order to compare these, I need to first move the x into the 2nd sum.

0 n—-1 _ 0 n
XD amx™ =" aunx

Now, I need to get the same indexing.
This can be done a few ways, but I will aim for having all of the indexing result in x” terms.

Having n — n+ 2 in the first series gives us: 3 a,n(n— 1)x"? —» 3" ‘a,o(n+1)(n+2)x".
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So our equation becomes: Y " ana(n+ 1)(n+2)x" + > " anx" = 0.
Peeling off one term from the first series, so we have both series starting at the same index, gives us:
0=2a2+2," ama(n+1)(n+2)x"+ D" awmnx" =2az+ )" [ap2(n+1)(n+2)+na,lx".

Comparing powers of x, we see for x° : a» = 0.

—nay

Forx” where n > 1: ayo(n+1)(n+2) = —na, or a,, = D (ne2)

Since this recurrence relation is broken up into even or odd, we must set two arbitrary constants:
aog = A anda1 = B.

Sowe have: ar = 0, a4 = _f;” =0, a¢=0,... (all zero)

. _ —leay B _ =3 B _ B _ =5 _ =5 B _ B
Foroddias = = =%, as = 5(-%) =4, a1=Fas=3(5H) = —H5. -

I et - 2. = B3, B.5_ B .7
Andy(x) = D" aux" = ao+aix+ax® +..= A+ Bx— £x3 + Zx5 - x4
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