Differential Equations and Linear Algebra

6.2 Exercises - Solutions .

6 -5 2
Problem 1 Determine whether A =| 4 -3 2 is diagonalizable.
2 -2 3

If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D.

6-1 -5 2 1-12 -5 2 1-1 -5 2
Must use: |A — AI| = 0, 4 -3-1 2 =l 1-2 -3-12 2 = 0O 2-12 0
2 -2 3-2 0 -2 3-2 0 -2 3-2
=(1-2)2-1)3B-1)=0. Eigenvalues: 1, =1, A1, =2, 13 =3

Recall: if an n x n matrix A has » distinct eigenvalues, then it is diagonalizable!
(this is because 11,12, A3 will necessarily produce three linearly independent eigenvectors.)

1 00
N -
D= 020 | Must use: (A — A1)V = 0.
003
6-—1 -5 2 5 -5 2 1 -1 0
With A, =1 : 4 3-1 2 =| 4 42 > 0 0 1 =>z=0,y=bx=0
2 -2 3-1 2 -2 2 0
1 1]
Vi=| b =b|l 1 |=| 1 |, whenb=1.
0 0
4 -5 2 0 -1 0 1 0
With A, = 2 : 4 -5 2 = 0 0 O = 000 :>z=c,y=0,x=—%c
2 21 2 21 1o+
—%c -1 -1
V, = 0 =2cl 0 = 0 |, whenc = 2.
c 2 2
3 -5 2 1 -3 2 1 -3 2 1 -3 2
With A3 =3 : 4 -6 2 = 4 -6 2 = 0 6 -6 = 0 1 -1
2 -2 0 2 -2 0 0 4 -4 0 1 -1
1 0 -1
= >z=c, y=c, x=c
01 -1
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Vi = c = 1 |, whenc=1.
c 1
1 -1 1 1 00
So.P=| ¥ ¥ T | = 1 | And, A = PDP!, whereD = | 0 2 0
0 1 0 03
-2 4 -1
Problem 2 Determine whether or not A = -3 5 -1 is diagonalizable.
-1 1 1
If it is, find a diagonalizing matrix P, and a diagonal matrix D such that P"'AP = D.
2-1 4 -1 2-1 4 -1 2-1 4 -1
Must use: |A — AI| = 0. -3 5-1 -1 =|2-25-12 -1 = 0 1-2 0
-1 1 1-2 0 1 1-2 0 1 1-2
= (2-1)(1-2)% Eigenvalues: Aip=1, A3 = 2. (diagonalizable?) Must use: (A — L)V = 0.
-3a+4b-c =0 1
With 11, = 1 : —3a+4b-c=0 Vi=| 1 |,  (uhoh!onlyone.)
—-a+b=0 1
—4a+4b—-c=0 1
With 43 =2 : -3a+3b-c = V) =
—-a+b—-c=0 0

(leave it to you to verify above as an exercise)

The matrix A has only the two linearly independent e-vecs V1 and v, and therefore isn’t diagonalizable.

Problem 3 Let A be a 3 x 3 matrix with three distinct eigenvalues.
Tell how to construct six different invertible matrices P, P>, ..., P¢

and six different diagonal matrices D, D>, ..., D¢ such that P,-D,»(P,»)_1 = Aforeachi =1,2,...,6.

Three eigenvectors associated with three distinct eigenvalues can be arranged with six different permutations as the
column vectors of the invertible matrix: P = [ ViV, Vi

- o o - o = —
P1:|:V1 \ %) V3:|, P2:|:V1 V3 V2:|, P3:|:V2

-5 o o - o - -
P4=|:vz V3 Vi :|, P5:|:V3 Va Vi :|, P6:|:V3

<|

<|
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