Differential Equations and Linear Algebra

Problem 1

— — — —
ClV]+Crvy+cC3vy =W

4.3 Exercises - Solutions 2

Vi =(2,0,3,1), V2 = (4,1,3,2), V5 = (1,3,-1,3).

Name

If possible, express w = (7,7,9,11) as a linear combination of

If not, show that it is impossible.

c1(2,0,3,1) + c2(4,1,3,2) + ¢3(1,3,-1,3) = (7,7,9,11)

2 4 1 1 00 6
C1 C1
— — 01 3 trust me 010 -2
Ac =w > Co = > Ch
3 3 -1 9 0 01
C3 C3
1 2 3 11 000 0
Has the unique solution...
c1 =6, co =-2, ¢c3 =3, so...

VV) = 671 —272 + 373

Want to be sure you got the right answer? Substitute into this equation the relevant vectors to ensure you get
N
w=(7,7,9,11).

Problem 2 If the following vectors are linearly independent, show it.
Otherwise, find a nontrivial linear combination of them that is equal to the zero vector.

Vi =(3,9,0,5), V2 = (3,0,9,-7), V5 = (4,7,5,0)

[ 3 3 4 ] 1o 1

9 0 7 01 =
A= IR

09 s 00 0

5 =70 00 0

We see that the system of 4 eqns in 3 unknowns has a 1D soln space.

7 5
c3 =8, ==, 2 =—3S
7
C1 -3 7
—
C3 Ky -9

(Since s is a parameter, and can therefore be any real number, I have chosen —9 as its value for notational convenience.)
So,wehavec; =7, ¢ =5, and ¢3 = 9.

-
Therefore 7V + 5V, — 9V; = 0.

(on a test, you will want to double check this by making sure the equality holds by plugging in the vectors)
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Problem 3 Let’s assume the set of vectors {V,} are linearly independent. Apply the definition of linear
independence to show that the following vectors are also linearly independent.
— — - — - - — - -
Uy =vy+vs, U =vy+vs, Uz = v+ v

ciVi+cVa+esVs = 6), has only the trivial solution ¢; = ¢ = ¢3 = 0.
Want to show that 512 + b2@» + b33 = 0, has only the trivial solution by = b = b3 = 0.
(*) blﬂ)l + bzl_l)z + b373 = bl(T}z +73) + b2(71 +T/’)3) + b3(71 +72)

= (bz + b3)71 + (bl + b3)72 + (b1 + b2)73.

Setting this equal to zero, by our previous assumption it must be that b, + b3 = 0, by +b3 =0, and b + b, = 0.

From the first equation we have: b3 = —b..
Applying this to the second equation, we have: b; = b,.
And then from the third equation,we get: 2b, = 0 or b = 0. But then ; = 0, and b3 = 0.

Therefore, only the trivial solution satisfies the equation (), and the vectors {u/;} are therefore linearly
independent.

Problem 4 Prove: If a set S of vectors is linearly dependent and a (finite) set 7 contains S, then 7'is

also linearly dependent. Assume S = {V,V2..., Vi and T = {V1,V2...,Vi,..., Vi }, Withm > k.

- - - - =
We need to find nontrivial ¢1,c2,...,cm such that ¢V + co Vo +...+¢cuVm = 0.

Because the set S of vectors V1, V>, ..., Vy is linearly dependent,

. -
there exist scalars ¢1, ¢, ..., cx not all zero such that ¢1 V1 + c2 Vs +...+¢civi = 0.
Now let cpy1 =...= ¢ = 0.
ﬁ . .
So we have: ¢1 V1 + 2V +...4CiVk + Cia1 Vil +...4cmVm = 0 with the coefficients ¢1,ca, ..., cn not all zero.

This means that the vectors V1, V>, ..., V,, that define T are linearly dependent.
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