Differential Equations and Linear Algebra

4.1 Exercises - Solutions 2

Problem 1 Determine whether the given vectors 7 = (1,4,5), vV = (4,2,5), w = (-3,3,-1) are
linearly independent or dependent. If they are linearly dependent, find scalars a,b, and ¢ not all
—
zero such that i/ + bV +cw = 0.
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The system Ax = 0 has only the trivial solution @ = b = ¢ = 0 (A is invertible), so the vectors %, V, and
are linearly independent.

Problem 2 Show that V, defined as the set of all (x,y,z) such that z = 2x + 3y, is closed under addition and
under multiplication by scalars, and is therefore a subspace of R>.

If one were to choose @ and V randomly from ¥ and choose ¢ € R, we would then need to show that 7 + v
and ¢V are members of V.

u = (ur, uz, 2uy +3uz) and ¥ = (v, va, 2vi +3vy) for some uy,uz,vi,v; € R.
Closed Under Addition?
U+7V = (ul +vi, U2 +va, Quy+3uz)+ Qv + 3vz)>
= <u1 +vi, U +va, 2(u +v1) +3(uz + vz)> where uy + vy, uy +v, € R.
U + 7V is in the form (x,y,z) such thatz = 2x + 3y, so W + vV € V. v
Closed Under Scalar Multiplication?
v = <cv1, cvy, 2cvy + 3cvz> where cvy, cva, 2¢cvy + 3cv; € R

¢V is also in the form (x,y,z) such that z = 2x + 3y, socV € V. v

Problem 3 Show that V, the set of all (x,y,z) such that y = 1, is not a subspace of R,
Just need an example of vector(s) in ¥ which are not closed under scalar multiplication or under addition.
(0,1,0) is in ¥V, but the sum (0,1,0) + (0,1,0) = (0,2,0) isnotin V.

Thus ¥ is not closed under addition, so not a subspace of R3.
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