Differential Equations and Linear Algebra

1.6 Exercises - Solutions ]

Problem 1 Find the general solution to: xy' = y + 2 sy

Solving for y', we find: y' = + + + /&y = & +2 /x%m =2 4+2/% whenx # 0.

In other words, it has scalar homogeneity, so we attempt the substitution: v = %, y = vx, % =yxl,
x dx
Sowe have: v+x4 =v+2 /v = J.z‘i_/vv = | <, whenv # 0 or equivalently when y(x) # 0.
Jv =Inx+C, y=x(Inx+C )2 Also note that the singular case y(x) = 0 is also a solution.

Problem 2  Find the general solution to: x?y' = xy + 2.

Solving for y', we find: ' = £ + (<), when x # 0.

In other words, it has scalar homogeneity, so we attempt the substitution: v = <, y = vx, % =yxl,
x dx

So we have: v+ x4 = y+12 = J.% = f%dx, when v # 0 or equivalently when y(x) # 0.
=> —v! =Inx|+C

= —

=hjx|+C = y= . Also note that the singular case y(x) = 0 is also a solution.

X _
¥y Inx[+C

Problem 3  Find the general solution to: y?y' + 2x)° = 6x

Solving for y', we have: y' = 6yi2 —2xy, when y(x) # 0. We see this takes on the Bernoulli form.

Setting: v = y'™ = 3. We then multiply the given DEQ by 3, and we have: v' + 6xv = 18x.

Then we can calculate our integrating factor: p = e-[ o e,

We then have: v = - I(P(x)p)dx = 18 fxe3x2dx, u=23x%,  du= 6xdx
3 = 1873 f +e'du = 3¢ (e + C) = 3¢ ¥ 4 3Ce™

or y3 =3+ Ce3.

Problem 4 Verify (4x — y)dx + (6y — x)dy = 0 is exact; then solve it.

We verify: a—‘l(4x -y) = -1 = £(6y — x), so the DEQ is exact.
F=[(@x-y)dx=2x>-xy+g(); Fy=-=x+g(0)=6-x=N
g () = 6y; g(») = 3y? (plus constant); So:2x2 —xy+3y?> = C
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