
Probability Theory: Activity 13 Solutions

1. Let X have the following PF:

f(x) =


0.1 X = 0

0.3 X = 1

0.6 X = 2

0 otherwise.

(a) Find Mx(t).

Mx(t) = E(etx) =

2∑
x=0

etxf(x) = 0.1e0t + 0.3et + 0.6e2t

Mx(t) = 0.1 + 0.3et + 0.6e2t

(b) Using Mx(t), find E(X).
M ′

x(t) = 0.3et + 2(.6)e2t

M ′
x(0) = 0.3 + 1.2 = 1.5 = E(X).

(c) Let Y = 2X + 3. Use Mx(t) to find My(t).

My(t) = e3tMx(2t) = 0.1e3t + .3e3te2t + 0.6e3te2(2t) = 0.1e3t + .3e5t + 0.6e7t

2. Let X follow an exponential distribution with a mean of 1:

f(x) =

{
e−x x > 0

0 otherwise.

(a) Find Mx(t).

Mx(t) = E(etx) =

∫ ∞

0
etxe−xdx =

∫ ∞

0
e−(1−t)xdx = − 1

1− t
e−(1−t)x

∣∣∞
0

Mx(t) =
1

1− t

(b) Let Y = X
λ , so that Y follows an exponenential with a mean of 1

λ . Use Mx(t) to find My(t).

My(t) = E(et
x
λ ) = Mx(

t

λ
) =

1

1− t
λ

=
λ

λ− t
.

(c) Use My(t) to find the mean and variance of of the exponential.

My(t) = λ(λ− t)−1

M ′
y(t) = λ(λ− t)−2

M ′′
y (t) = 2λ(λ− t)−3

E(X) = M ′
y(0) = λ(λ− 0)−2 =

1

λ
.

E(X2) = M ′′
y (0) = 2λ(λ− t)−3 =

2

λ2

V ar(X) = E(X2)− E(X2) =
2

λ2
− 1

λ2
=

1

λ2
.
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