MATH 2243: Linear Algebra & Differential Equations

Instructor: Jodin Morey = moreyjc@umn.edu
Website: math.umn.edu/~moreyjc

Big idea: Solutions to homogeneous linear systems of equations
are subspaces that can be generated (spanned) by a few vectors.

4.3: Linear Combinations and Independence of Vectors

The Span of a Set of Vectors:
Let V' = {V,V2,...,Vi} be a subset of vectors in V. (for example, V' = {(~1,2,1),(1,-2,1)} in R?)
Let W be the set of all linear combinations of V'. (W for our example would be a plane in R?)
Then, W is a subspace of V.
We write: W = span(V') = span({V1,V2,..., Vi}).

In particular, recall in the class notes for 4.2 that the homogeneous system:
X1 —4x2—3x3-Tx4 =0
2x1—Xx2+x3+7x4 =0
X1+ 2x24+3x3+11lx4 =0

gives us solution space W consisting of X = au + bv, where @ = (-1,-1,1,0) and V = (-5,-3,0,1).

We can visualize (??) W as a plane in R* determined by %, V. In other words, W = span({i,V}).

Isw = (2,-6,3) a linear combination of v, = (1,-2,—1) and vV, = (3,-5,4)?

In other words, can we find unknowns ¢1,c, such that ¢; Vi + cava = w ?

1 3 2

ci|l -2 |[+c2f 5 = -6

-1 4 3
1 3 1 2 1 31 2 1 31 2
-2 =51 -6 = 011 -2 = 011 =2
-1 4 1 3 0715 001 19

Alternatively for w = (2,-6,-16), V| = (1,-2,—-1) and V, = (3,-5,4):



ci| -2 |+c2f -5 = -6
-1 4 -16
1 3 1 2 1 31 2 1 01 8
-2 =51 -6 =] 011 =2 > 011 =2
-1 4 | -16 071 —14 001 O
c1 =8andcy = -2.
Linear Independence:
The vectors V1, V2, ..., Vx in a vector space V are said to be linearly independent provided:
ﬁ ﬁ ﬁ _) . . . .
c1Vi+caVa+...+ci vy = 0 has only the trivial solution: ¢; = ¢ =...= ¢x = 0.
Corollary: Vectors Vi,Va,..., Vyare linearly dependent if and only if at least one of them is a linear combination of the others.

Uniqueness of Subspace Linear Combination: Any vector w in the subspace W spanned by the independent vectors
V1, V2, ...,V is uniquely expressible as a linear combination of these vectors.
Proof: If both w = a171 + 61272 +...+ak7k and W = b171 + b272 +...+bk7k, then
0171 + Cl272 +... +Clk7k = b171 + b272 +...+bk7k
- - - =
= (a1—bl)vl+(a2—b2)vz+...+(ak—bk)vk=O.
But since V1, V2, ..., Vs are linearly independent, a; = b;. [ |

Standard Unit Vectors for n: ¢, = (1,0,0,...,0), €2 = (0,1,0,0,...,0), ..., €, = (0,0,...,1).

- — - — -
Note: for any v = (ai,a2,...,a,), wehave v.=a;e| +azer +...+ane,,

the unique linear combination of standard unit vectors for V.

However, note {(5,0,0,0), (0,7,0,0), (0,0,9,0), (0,0,9,1)} and {(1,1,1,0), (1,0,1,1), (1,1,0,1), (0,1,1,1)} are
(non-standard) bases for R*.

Linear Independence of k < n Vectors:

{V1,V2,..., V) in R" with k < n are linearly independent if and only if (<)
there is some k x k submatrix B of A7 = [ Vi Vo ... Vi }

with a nonzero determinant (IB¥*| = 0). (justification in the book)



Example : {i/1,%,} = {(1,1,0), (2,3.1)}

1 2
A3><2 — 2 4
01
12 12 2 4
Bl = =0, Bl = =1, B3l = = 2.
2 4 01 1
Alternatively : {i/1,%,} = {(1,1,0), (2,2,0)}
1 2
A =112
00
1 2 1 2 1 2
Bl = =0, Bl = =0, B3l = = 0.
12 00 00

Exercises ﬁ)

Problem: #16 If possible, express w = (7,7,9,11) as a linear combination of
Vi =(2,0,3,1), V2 = (4,1,3,2), V3 = (1,3,-1,3).

If not, show that it is impossible.

civi+ceVa+esvi=w  c1(2,0,3,1) +¢2(4,1,3,2) + ¢3(1,3,-1,3) = (7,7,9,11)

2 4 1 100 6
C1 C1
N 01 3 7 trust me 010 -2
Ac =w=> c2 = = c2 =
3 -1 001
C3 C3
1 2 3 11 000 0
Has the unique solution...
Cc1 = 6, Cyr = —2, Cc3 = 3, SO...

V—V) = 671 — 272 + 373.

Want to be sure you got the right answer? Substitute into this equation the relevant vectors to ensure you get w = (7,7,9,11).

Problem: #22 If the following vectors are linearly independent, show it.



Otherwise, find a nontrivial linear combination of them that is equal to the zero vector.
V1 =(3,9,0,5), V> =(3,0,9,-7), V5 = (4,7,5,0)

(334 [ 102 ]
|90 | o013
09 s 00 0
570 00 0

7 5
c3 = s, c1 =35, c2 =5
7
C1 -39S 7
Y
c=1| ¢ = —%s = 5 |, whens = -9
C3 K -9

Since s is a parameter, and can therefore be any real number, I have chosen -9 as its value for convenience.

So,wehavec; =7, ¢o =5, and ¢c3 = 9.

Therefore 7V, + 5V, — 9V = 6

(on a test, you will want to double check this by making sure the equality holds by plugging in the vectors)

Problems: #26 Let’s assume the set of vectors {V;} are linearly independent. Apply the definition of linear independence to
show that the vectors below are also linearly independent.

71272%—7}3, 7227)14-73, 73271%—7}2
c1Vi+cava+c3vs = 0, has only the trivial solution ¢; = ¢ = ¢3 = 0.
Want to show that b, u| + ba1i» + b3z = 0, has only the trivial solution by = b, = b3 = 0.
(*) blﬁ)l + bz?t)z + b373 = b1(72 +7’3) + bz(vl +73) + b3(71 +7’2)
= (bz + b3)7)1 + (bl + b3)72 + (b] + bz)?y
Setting this equal to zero, by our previous assumption it must be that b, + b3 =0, b, +b3 =0, and b| + b, = 0.

From the first equation we have: b3 = —b..



Applying this to the second equation, we have: b; = b,.
And then from the third equation,we get: 2b, = 0 or b, = 0. But then b; = 0, and b3 = 0.

Therefore, only the trivial solution satisfies the equation (), and the vectors {u;} are therefore linearly independent.

Problem: #28 Prove: If a set S of vectors is linearly dependent and a (finite) set 7 contains S,

then T is also linearly dependent. Assume S = {V,V2...,Vi}and T = {V1,V2.... V..., V), Withm > k.

Because the set S of vectors V1, V2, ..., Vx is linearly dependent,
. — — — =
there exist scalars ¢y, ¢, ...,cx not all zero suchthat ci v +c2Va +...+cxvie = 0.
Now let cip1 =...= ¢ = O.
—_
So we have: ¢\ Vi +CaVa +...+CkVik + Cisl Visl +...+cmVm = 0 with the coefficients ¢, ca, ..., ¢, not all zero.

This means that the vectors V1, V>, ...,V that define T are linearly dependent.



