Linear Algebra & Differential Equations
Instructor: Jodin Morey

1.1: Differential Equations and Mathematical Models

Example: What’s the solution to Z—y =2xy ?
X

Newton’s Law of Cooling: % = —k(T — A) where T is the temperature of the object in question, and A4 is the temperature of the
surrounding medium, for some & > 0.

Torricelli’s Law: % = —k /[y where Vis the volume of water in a draining tank,

y is the depth of the water, for some & > 0.

Exercises ;g@

Problem: #11  Verify by substitution that y; = 0 and y, = 1;1—2)“ are solutions to x?y" + 5xy’ + 4y = 0.

Looking at the first one, obviously: | = 0 and y| =

Substituting them in: x2(0) + 5x(0) +4(0) = 0. -V

x*-2xlnx 1-2Inx

As for the second one: y) = —— = =2
X X

(7% )x3—(172 Inx) (3x%) _ —5+6Inx
x0 B xt

and y) =

So, x2<—5+(ilnx ) n 5x< 1—231nx ) +4< 1n2x> _ —5+621nx n 5—1021nx n 4lr21x = 0. AV
X X X X X X

Problem: #24  Verify that y(x) = x*(C + Inx) satisfies xy’' — 3y = x°.

Then, determine a value of the constant C so that y(x) satisfies the initial condition y(1) = 17.

Taking a derivative: y' = 3x2(C+Inx) +x3(1) = 3x2(C+ Inx) +x2.

Substituting it in: xy’ — 3y = x[3x?(C + Inx) + x?] - 3[x*(C + Inx)]

=3x*(C+1Inx) +x* - 3x*(C+1nx) = x°.

And, y(x) = x*(C + Inx), with initial condition y(1) = 17 is:

17=13(C+Inl)=C. So,C=17.



Graphing the family of x*(C + Inx) along with particular solution (in red) y(x) = x*(17 + Inx):
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y(x) = x*(C + Inx)

Problem: #30 When a graph of g(x) intersects the graphs of functions with the form y = x? + k (k is any constant), it does so
perpendicularly (the two graphs are normal to each other). Write a differential equation of the form g’ = f(x) having the function
g as its solution (or as one of its solutions).

We want the slopes of the two functions to be negative reciprocals.

¥ =D.(x*+k) =2x
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Problem: #35 Write a differential equation that is a mathematical model of the following situation.
There is a city which has a fixed population of P people.
N is the number of persons who have heard a certain rumor.

The time rate-of-change of N, is proportional to the number of those who have not heard the rumor.

N _

- = k(P — N) where k is some constant.



