Calculus Il

Textbook: Calculus Early Transcendentals, Stewart, (8th edition).

10.2 Calculus with Parametric Curves

Let’s say we wish to calculate the slope —- & where x = f(¢) and y = g(¢) are differentiable functions of t. Additionally, assume y

is a differentiable functlon of x. Slnce we can differentiate f and g with respect to ¢, we have and . Now, observe that with
dy

the chain rule we have & dt = —— « <. Therefore, assumlng #+ 0, we can divide the prev10us equatlon by - to get a slope
dy
equation: % = 2,

dt

Area Under the Curve

Recall that the area under the curve for y = F(x) fromatobis A = .[z F(x)dx, where F((x) > 0. If a curve is traced out by the
parametric equations x = f{¢) and y = g(¢), on o < ¢ < f3, the area under the curve (using the substitution rule for definite

) . b b

integrals) is: 4 = J‘aydx = jag(t)d[f(t)] = Ifg(t)f’(t)dt, where B = f'(b) and a = ' (a).

Arc Length

Expanding from our definition of arc length from section 8.1, using the substitution rule again with our parameterization,

assuming 4= # 0, we have L = f I1+<dy> dx —f 1+( )2%& fJ( ) (dy> dt, where B = f°1(b) and

=/ (a)-

Surface Area of Rotated Curve

Similarly, adapting the formula from section 8.2 for surface area of our parametric curve rotated about the x-axis, we find the
following formula: S = j 21 \/ ( ) ( dy ) dt, where B = f'(b) and a = f'(a).

Problem #2 F1nd ~ forx = - andy = Jie™.
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Problem #4  Find an equation of the tangent to the curve x = ¢t — ¢!, y = 1 +¢2, at the point corresponding to the value of
the parameter ¢ = 1.

dy
E—2t,

dx 2 _ 41
o 1+¢ R

Whent =1, (x,y) = (0,2)
and % =2 =1.

2

So an equation of the tangent to the curve at the point correspondingto t = 1isy —2 = 1(x —0), ory = x + 2.

Problem #8  Find an equation of the tangent to the curve x = 1 + /7, y = e’ at the point (2, e) by two methods: a) without
eliminating the parameter.

o _ 1 Do,
a 2y’ a € 2t,

and % = 2" (2J7) = 417 e,
So we have the slope of the tangent line for any ¢, now what do we need?
At (2,e), wehave2 =1+t = Jt=1 = =1,

SO % = 4e.
Finally,y—e=4e(x-2) = y=4ex—7Te.

b) Find the equation by first eliminating the parameter.

Ji=x-1 = t=(x-1)

(since ¢ was square rooted, we assume it is positive since we are dealing with real numbers)

Soy = e = D",



To determine the line, we need a slope:

y = et D 4(x—1)%.
At (2,e), wehavey' = e -4 = 4e.

So an equation of the tangent is y — e = 4e(x —2), or y = 4ex — 7e (same as before).

Problem #14  Find % and ZTzf forx = 1> +1, y = e'— 1. For which values of ¢ is the curve concave upward?

& _
dx dx 2t

But what is d—zf‘? It definitely is NOT (%) ® 11 Nor is it % (%). You should understand it theoretically to be % (%) But

dx
how do we take the derivative with respect to x of a function in ¢# ? The key is recognizing that d% = % . % = i %. Using

dt

this, we have:

dy _ L(ﬂ) _ 1 i(ﬂ)
dx? dx dx % dt dx

_ 1 2ieel _ 200-1) _ el-D) o
TRy 2 PRI (Are we done?)

. d?
The curve is concave up when d—{ > 0,
X

Observe that the numerator is negative when ¢ < 1, and the denominator when ¢ < 0.

&
So, —= > 0Owhens <Oand I <.

(x,y) = (2 +1,e'-1)

Problem #18  Find the points on the curve x = £ — 3¢, y = 3 — 3¢> where the tangent is horizontal or vertical. If you have a



graphing device, graph the curve to check your work.
D 32 -6t =31(t-2), and & =32 -3 =3(t+1)(t-1).
So % = Owhen ¢ = 0or2.
= (x,y) =(0,0) or (2,-4).
Also 4 = 0 when = —1or 1.
=  (xy) =(2,-4)or (-2,-2).

The curve has horizontal tangents at (0,0) and (2,—4), and vertical tangents at (2,—4) and (-2,-2).

So, the curve has both horizontal and vertical tangents at (2,—4) ?!?

Problem #32 Find the area enclosed by the curve x = > —2¢, y = |/t and the y-axis.

The curve intersects the y-axis when x = 0, that is, when ¢ = 0 and ¢ = 2.

The corresponding values of y are 0 and /2 ~ 1. 414,



f ' f t 0.0
-1.0 -0.5 0.0
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x=1-2t, y=t
The area enclosed by the curve and the y-axis is given by: J.);f (xg —xr)dy
=2
= [ (0—x())dy

= [0 - @) ()i
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Problem #42  Find the exact length of the curve x = e’ +e7/, y=5-2t, 0<¢<3.

dx

d
_ ot y
=e—e and = 2.

So (%)2 + (%)2 — (¥ —2+e M) +4 =X 424
Thus, L = IZ JeXr +2+e2dt
Observe that: e +2 + e2 = (e! + e7)?.

Thus, L = [ e’ +ed = [e' — ] = (& —e?) = (1= 1) = &> ¢ ~ 20.



x=e[+e_l,y=5—2t, 0<t<3

Problem #52 Find the distance traveled by a particle with position (x,y) = (cos?z, cost) as ¢ varies in the time interval
0<t<4r.

(Distance Traveled) = I;ﬁ ‘/ <%> g (%) *dt
<%>2 + (%)2 = (=2 costsint)? + (- sint)? = sin’#(4 cos?t + 1).
(Distance Traveled) = .[3”|sint| J4 cos?+ 1dt = 4IZ sinty4 cos?t + 1 dt
=—4 '[;1 J4uZ +1du  (whereu = cost, du = — sintdf)
= af' Jar Tdu = 8[") a1 du

Let 2u = tan® and 2du = sec?60d6. Then:

tanf _ 1

= —tan~!
(Distance Traveled) = 8 I@—o J tan?6 + 1 (%) = 4.[;)7(; ? sec20 y/sec?0 df
0 _

= 4j fan”'2 sec30do .
0

The solution to this integral is given in the list in the back of the book by Equation 71:

tan~12

= 2[secO tan0 + InjsecO + tan 0],
= 2(sec(tan~'2) tan(tan~'2) + In|sec(tan~!2) + tan(tan~'2)|) — 2(sec0 tan 0 + In|sec O + tan0|)
= 2(2sec(tan"'2) + Injsec(tan™'2) +2|) —=2(0 + In1)

We wish to calculate sec?, where ¢ = tan~!'2.



2 = —ZZDSCZZ . So we have that opposite = 2 and adjacent = 1.

Therefore, we have a right triangle in which hypotenuse = 422 + 12 = /5.

_ hypotenuse 5
So we can calculate sec(tan™'2) = sec(t) = - = 2 - I J5.
cos? adjacent 1

Therefore, we have: (Distance Traveled) = 2<2ﬁ +2 ln<,/§ + 2)) -0
=4/5 +2In(/5 +2) ~ 11. 83.
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(x,y) = (cos?’t, cost)

Problem #62  Find the exact area of the surface obtained by rotating the curve x = 3¢ —¢°, y = 3#2, on 0 < ¢ < 1 about the
X-axis.

Recall: § = j;ﬁ 2ny‘/<%>2 + (%)2 dt.
So, ()74 () = (3-312)2 +(61)> = (9 — 182+ 9) + 361> = 9(1* + 217 + 1),

And, § = [ 18222 /f 20 + L.

But observe that: 4 + 22 + 1 = (¢ + 1)*. Therefore,

S = j:) 18712(£ + 1)dt = 187:[(1)#‘ +2dt =182 L5+ 1P = L,

x=3t-1, y=32,on0<¢<1




Prepared by Dr. Jodin Morey. Materials for Other Courses Found at MathTalker.org



