Calculus Il

Textbook: Calculus Early Transcendentals, Stewart, (8th edition).

9.4 - Models for Population Growth
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Natural Growth and Decay (decay of radioactive elements, growth of bacteria, etc.): ‘fi—f = kP, where k is a constant.
Using separation of variables: f %P = fkdt = In|P| = kt+c

= |P| = eltte = ecelt = P = Pye, where Py = te or Py = 0.
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Logistic Equation: <~ = kP(1 — +7), where P is the population, M is the limiting population, and & is some (often given)
constant.

Solution to the logistic equation (accomplished using separation of variables):

P(t) = —_ where 4 = 2o [Equation 7]
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M =50, k=1

Harvesting a Logistic Population: ‘fi—f = kP(1 — ﬁ) —-c.

(for example, taking a certain number of fish ¢ from a lake each season)
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Problem #2 Suppose that a population grows according to a logistic model with carrying capacity 6,000 and £ = 0.0015 per
year.

a) Write the logistic differential equation for these data.
— — Cliee 4P _
M = 6000 and k = 0.0015 implies <= = (0.0015)P(1 — -£&=).

b) Draw a direction field. What does it tell you about the solution curves?

All of the solution curves approach 6,000 as ¢t - o

¢) Use the direction field to sketch the solution curves for initial populations of 1,000, 2,000, 4,000, and 8,000. What can
you say about the concavity of these curves? What is the significance of the inflection points?

The curves with Py = 1000 and Py = 2000 appear to be concave upward at first and then concave downward. The curve with
Py = 4000 appears to be concave downward everywhere. The curve with Py = 8000 appears to be concave upward everywhere.
The inflection points are where the population grows the fastest.

e) If the initial population is 1000, write a formula for the population after ¢ years. Use it to find the population after 50
years.

Using Equation 7 from the text with M = 6000, k£ = 0.0015, and Py = 1000, we have P(f) = —4— = —8000__ "\yhere

1+A€_kt 1+Ae—0.0015[ >
4 = MPo _ 6000-1000 _ g
Py 1000 :




Therefore, P(50) = —%%0___ ~ 1,064 individuals.

1450-0-0015(50)

Problem #4  Suppose a population P(¢) satisfies % = 0.4P - 0.001P? with P(0) = 50, where ¢ is measured in years.
a) What is the carrying capacity?

Let’s make this equation look like the Logistic Equation:

4~ 0.4p(1 - 2000 p)

=0.4P(1- £,
Therefore, comparing to the Logistic Equation, we have k£ = 0.4, and the carrying capacity is 400.
b) What is P'(0)?

Using the fact that P(0) = 50 people and the formula for %, we get P'(0) = iz_l;|’=0 = 0.4(50) — 0.001(50)* = 17.5 people per
year.

¢) When will the population reach 50% of the carrying capacity?

. . M-P _
From Equation 7 in the text, 4 = — = = 40050 — 7 g0 P = —200__
0 50 147704

The population reaches 50% of the carrying capacity (200), when —2%_— = 200.

147704

0.4t

=2 = e > —-0.4=1In

Solving for ¢, we have: 1 + 7e —0.4r — %
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~ 4. 86 years.

Problem #10  Biologists stocked a lake with 400 fish and estimated the carrying capacity (the maximal population for the fish
of that species in that lake) to be 10,000. The number of fish tripled in the first year.

a) Assuming that the size of the fish population satisfies the logistic equation, find an expression for the size of the
population after ¢ years.

Interpreting the information given: P(0) = Py = 400, P(1) = 1200, and M = 10,000.

PoM
Po+(M-Pg)e™?

400(10,000) 10,000
we get P(t) = = —
g ( ) 400+(9600)e* 14247k

From the solution to the logistic differential equation (Equation 7) P(¢) =



PI)=1200 5 14240 =0 5 o2 o gl

10,000 10,000
So, P(¢) = i VR
1424”11 1424 (44

b) How long will it take for the population to increase to 5,000?

_ 10,000 11\? _ 1 _ 1 ~
SOOO_W > 24()'=1 = il =L = r~268years.
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