Calculus Il

Textbook: Calculus Early Transcendentals, Stewart, (8th edition).

8.2 - Area of a Surface of Revolution
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Review the beginning of the section which discusses how the following equations were derived. Doing this will assist you with
the word problems in the homework, and on the exams.

The area of a surface of revolution is obtained by adding up the surface areas of slices of the figure, which the book refers to as
"bands."

Each band (which is revolved about the axis) has a surface area of 277/ where r is the average radius of the band
(r= %(r 1 +72), where r, 7, are the radii at the endpoints of the band), and where / is the length of the band which we will

determine using a line integral (/ become ds in the integral). So if we call S the surface area, we have:

¢S = I27rrds.

When revolving around the x-axis and integrating along the x-axis:

¢5= "2 J1+[r'@] dx = [2my 1+ (L) dx.

If we are revolving around the x-axis but instead are integrating along the y-axis, then the function is of the form x = g(y),
then the equation becomes:

¢S = Ij2ny 1+ (Z—;)zdy.
When revolving around the y-axis and integrating along the x-axis: ¢ § = j: 27x [1 + |: f'(x) ]2 dx.

If we are revolving around the y-axis but instead are integrating along the y-axis, then the function is of the form x = g(y),
then the equation becomes:

¢S = Ij2ng(y) 1+ (Z—;)zdy = fj27rx /1 + (j—;>2dy.

Problem #12 Find the exact area of the surface x = 1 +2y%, on 1 < y < 2, obtained by rotating the curve about the x-axis.
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T+ () =1+ @)’ = 14162,

So.§ = 2n [ y [T+ 16 dy

Observe that if we wish to use u = 1 + 16y, then du = 32ydy, so we may wish to set it up as...
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S = 5 [T 167 (o) = 4 [ ymde = 5[ 33 ) = 5[ 3062+ )7 ]

= £ (20602 +1)T =216+ 1)%) = £ (65/65 — 17/17 ) =~ 59.422.

x=1+2y?
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Problem #16  Let’ssayy = %x - % Inx, on I < x < 2 isrotated about the y-axis. Find the area of the resulting surface.

do_ox L
dx 2 2x
N _ (i_L;_ﬁL;
Thlslmphesl+<dx> =1+ (5 -7+55)=5+7+

So, S = ﬁ27rx‘/<% + 2—1x>2dx = 27r'|.?x<% + i)dx = nﬁ(ﬁ + 1)dx = n[ +x3 +x:|?
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y = 4x*— 2 Inx

Problem #33  Find the area of the surface obtained by rotating the circle x> + y? = r? about the line y = r.



Example when r = 1

For the upper semicircle, f{x) = yr? —x?, f'(x) = J% .

The surface area generated is S| = J.; 2r (r —Jrr=x2 > 1+ rzx_zxz dx = .[ir 2n (r —Jrr=x2 > /% + rzx_zxz dx

=47r'|.;<r—,/r2—x2>J%dx=47r'|.;( giz —r)dx.

For the lower semicircle, f{x) = —Jr? —x? and f'(x) = J% ,

S [ 2 (re VP =) Te 2 e = dn (s 4

SO

Thus, the total areais S = S| + .5, = 87r'|.;( J% )dx

= Snrf;( Jp(l—iﬁ )dx = Sﬂr[rsin‘l(%)]g

= 87rr<0 - r%) = 4722,
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