Calculus Il

Textbook: Calculus Early Transcendentals, Stewart, (8th edition).

7.3 - Trigonometric Substitutions
Table of Trigonometric Substitutions

Expression | Substitution Identity
a?-x* |x=asing, —-£ <0< % 1 — sin?0 = cos?6
a’+x* |x=atanh, - L << L 1 +tan%0 = sec?0
x?—a* |x=asech, 0<0< Lorm <0< 3| sec’d—1 = tan?0

Used to make inverse substitutions.

Problem #2 Evaluate J‘ J_ dx using the trigonometric substitution x = 2 tanf. Sketch and label the associated right

triangle.

Letx = 2tan6, where —£ < 6 < Z. Then, dx = 2sec?0db.

So, Vx2+4 = J4tan20 +4 = ‘/4(tan20+ 1) = J4sec20 = 2Jsech| = 2 secH on —
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| J_4 dx = [ 320 (2 sec’0d) = 8 [tan’0secfdf  [this should look familiar!]
X+

= 8jtan29 secOtan0do = 8j(sec29 — 1) secOtan0do

Let u = secO and du = secO tan0

So, | J2_+4 dx =8 [(u? — 1)du

=8(+u*-u)+C  [amIdone?]
= 8(4sec’0—secH) + C.  [how about now?]

Jx2+4

Observe the from above that secf = >

3
Therefore, I J_ x—S( ( x?“) - x22+4)+C
X244
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Problem #30  Evaluate | 07 s
1/ + sin“t

Let u = sint, du = costdt.

.
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Then, j

cost J'
u=0

=0 [13sin%t 2

1+u

Now let u = tan@.

Then we have: J1 +u2 = 1 +tan20 = sec20 = secd.

Also, du = sec?6df. So then:

wl g [ 2 5
[ Tdu = [, g sec?0d6 = [+ secOdo

= [ In|sec@ + tan0)| ]o% (by (1) in section 7.2)

=In(¥2+1)-In(1+0) =In(V2 +1).

Problem #41 A torus (donut) is generated by rotating the circle x2 + (y — R)*

enclosed by the torus.

= 2 about the x-axis. Find the volume



Example: R = Sandr = 3

We use cylindrical shells and assume that R > r.
x2 == (y-R)* implies x = + [ — (y—R)”.
Sog(y) = 2‘/r2—(y——R)2 and V = J.:r:27ry . 2\/r2—(y——R)2dy
= J.ir47r(u+R) Jrr —u? du (whereu = y—R)
=4r J.; ummx +4nR .[i, mdu (where u = rsinf, du = r cos0d0)

= an[-L+(?-u?)7 | +4xR[7_ 1 cos?0d0 = —42(0 - 0) + 4zRr [ 7 cos’0d0
r 2 2

sin

V = 2R fi(l + c0s20)d0 = 2wRr2[0 + 2#29]?% = 272R2.

Another Method: Use washers instead of shells, so V' = 8zR j; Jr* —y? dy, and evaluate integral using y = r sin0.
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