MATH 1271: Calculus |

Discussion Instructor: Jodin Morey
moreyjc@umn.edu
Website: math.umn.edu/~moreyjc

5.2 - Definite Integral
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Definite Integral:
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If the limit exists, the function f is (Riemann) integrable. [Theorem 4]
Right Hand Integration Left Hand Integration
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Midp<b)int Rule (usually the best approximation):
[ fOdx = 307 fR)AY = [f(F1) +... () JAx

where x; = 1 (x;-1 +x;) = midpoint of the interval [x;-1,x;].

So if integration measures the area between the curve and the x-axis, what happens when the curve
dips below the axis? We get negative area! This introduces the idea of net area.

Net Area: If ftakes on both positive and negative values, the integral represents the net area, that
is, the area above the curve minus the area below the curve.
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What types of functions can we integrate?
Existence of Definite Integral: If f is continuous on [a,b], or if f has only a finite number of jump
discontinuities, then f is integrable on [a,b]. Recall that IZf(x)dx is defined as a limit of a sum of
rectangles. So, this theorem says that if the conditions above are met, that limit exists (in this

. b . .
context, "exists" means that J'af(x)dx is equal to a non-infinite real number).
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Properties of Integrals: Let ¢ be any constant, then:
b a a
ojafdxz—jbfdx, ojafdx=0,

U jz(f—g)dxzjzfdx—jzg dx, ¢ IZfdx+I;fdx=I:fdx,
¢ IZCdXZC(b-Cl), ¢ IZ(C -f(x))dxzcjif(x) dx.
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viffz0fora<x<b, then [ fx)dx = 0.
viff=gfora<x<b then [ fdv> [ g ax

¢if m < fx) <Mfora <x<b, thenm(b-a) §IZfdx§M(b—a)Wherem,Me R.
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f 1 <sinx+2 <3, then 1(8—1) < jf(sinx+2)dx <38-1)



Problem 6. The graph of g is shown. Estimate I: g(x)dx with six sub-intervals using:

(a) right endpoints, (b) left endpoints, and (c¢) midpoints.

Right Endpoints: J.: g(x)dx ~ [g(—l) +20)+...+ g(4) ]Ax
=(-1.5+0+1.5+0.5-1+0.5)(1) = 0.

Left Endpoints: Iizg(x)dx ~ [g(—2) +g(-1)+...+ g(3) ]Ax

=0-1.5+0+1.5+0.5-1)(1) = — %
Midpoints: Home Exercise!
Problem 10. Use the midpoint rule with n = 4 to approximate the integral IO% cos*xdx.

Round the answer to four decimal places.
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.[02 cos*xdx

~ bid 3 St ghis T o~
~ [cos* (&) + cos* (5% ) + cos*(3F) + cos*(4F)]5 =~ 0.5890.
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Problem 18. Express the limit as a definite integral on the given interval.
lim 3" 2 Av,  [r,27]
[ gy,
Problem 24. Use the form of the definition of the integral given in Theorem 4

to evaluate the integral: I(z)(2x — x3)dx.

Recall Theorem 4: if f is integrable, then j:f(x)dx = lim X 7 f(xi;)Ax, where Ax = £ and

X; = a+ iAx.

Note that Ax = 22 = 2 and x; = 0+ iAx = 2L,

So, | 3(2x —x)de = lim X" f)Ax = lim Y f(2)2

= 1im 37 [23) - () ]%
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What do we do with this? Recall the "useful sums," and properties of sigmas.
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Recall you can pull a constant out of a sum, and to the sum, the 7 is just a constant. Yes, the limit is
changing n, but for each sum, it is just a constant.
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Problem 40. Evaluate the integral I;le — Sldx by interpreting it in terms of areas.
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This function can be interpreted as the sum of the areas of the 2 shaded triangles;
thatis, 2 + (Area of Triangle ) = 2(<)(width)(height) = 2(+)(5)(5) = 25 units.



