MATH 1271: Calculus |

Discussion Instructor: Jodin Morey
moreyjc@umn.edu
Website: math.umn.edu/~moreyjc

4.3 - How Derivatives Affect the Shape of a Graph
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Increasing/Decreasing (I/D Test for continuous functions):
¢ Places in the function where it is increasing: f'(x) > 0.
¢ Places in the function where it is decreasing: f'(x) < 0.

Note that if a function is increasing on (a,b) and also on (b,c), where b is a critical point f'(b) = 0,
then the function is considered to be increasing on the entire interval (a,c).
The previous statement is also true if you change the words "increasing" all to "decreasing."

The most common example of this is that x* is considered to be increasing on R, despite the fact
that 7'(0) = 0.
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First Derivative Test

Assume c is a critical number of a continuous function f :

¢ If f' changes from positive to negative at ¢, then f has a local maximum there.
¢ If f' changes from negative to positive at ¢, then f has a local minimum there.

¢ If £’ does not change sign at ¢, then f has no local maximum or minimum there.
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Another useful thing to know is that, for a continuous function, the sign of the derivative cannot
change in between critical numbers.

Concavity Test (AKA Curvature)
¢ If £"(x) > 0 for all x in some interval I, then the graph of fis concave upward (CU) there.
¢ If £"(x) < 0 for all x in some interval I, then the graph of fis concave downward (CD) there.

Second Derivative Test

¢1ff'(c) =0andf"(c) > 0, then f has a local minimum there
(critical point & positive curvature)

¢Iff'(c) =0and f"(c) < 0, then f has a local maximum there.
(critical point & negative curvature)

Inflection Point: A point P on a curve y = f(x) is called an inflection point if fis continuous there
and the curve changes from concave upward (CU) to concave downward (CD), or if it changes from
concave downward to concave upward.
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Problem 16a. Find the intervals on which f = x? Inx is increasing or decreasing.
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f=x*Inx
f'(x) = 2x « Inx + x2(1)
= 2xIlnx +x
= x(1+2Inx) = 0. (where are the zeros?)

Note that the domain of ' is (0,00). So x = 0 is not a zero of the derivative, and the sign of /' is
determined solely by the zero of 1 + 21nx.

f'(x) =0when1+2Ilnx =0, Inx = -1 x=e7 (= 0.61).
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So checking a point to the left of e, we have f'(0.5) = 1 +2In(0.5)  —0.386. So we conclude
that f'(x) < Owhen 0 < x < e 7.

Similarly, calculating f'(1) = 1, we see that f'(x) > O when e™? < x.

. . _1 .. . _1
So f is decreasing on (O,e 2 ) and f is increasing on (e 2 ,oo>.

16b. Find the local maximum and minimum values of f = x?Inx.

. . . _1
f changes from decreasing to increasing at x = e” 2.



Thus,f(e‘%> = (e‘%yln(e‘%) = e¢'(-3) = - (= —0.18) is a local minimum value.

16c¢. Find the intervals of concavity and the inflection points.
Recall: f'(x) = x(1 + 2Inx).
> f"(x)=1-1+2Inx)+x(2) = 3+2lnx.

f"(x) >0 when 3+2Inx>0 = Inx>-2 = x>e7 (=0.22)

Thus, f is concave downward on ((),e_%> and f'is concave upward on (e_%,oo) What is the
inflection point?

fle3) =(e3) ' hes =e3(-2) =2 (= -0.07).

There is a point of inflection at (x,y) = (e_%, f(e_%>> = (e_%, -3 )
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f=x*Inx
Problem 44a. Find the intervals of increase or decrease for S(x) = x — sinx, on 0 < x < 4r7.

S'(x) = 1- cosx.

So, S'(x) = 0 when cosx = 1



= x=0, 2z, and 4r.

The function is increasing (S'(x) > 0) when cosx < 1, which is true for all x except integer multiples
of 27, so § is increasing on (0,4r).

Recall: "if a function is increasing on (a,b) and also on (b,c), where b is a critical point ' (b) = 0, then
the function is considered to be increasing on the entire interval (a,c)."

b. Find the local maximum and minimum values.

There is no local maximum or minimum.
Recall: "If S ' does not change sign at ¢, then S has no local maximum or minimum there."

C. Find the intervals of concavity and the inflection points.

S"(x) = sinx.

So,8"(x) >0if0<x<mor2r <x<3m,and S"(x) < 0if 7 < x < 2mor 3w < x < 4r.
So Sis CU on (0,7) and (27, 37), and S is CD on (7, 27 ) and (3x, 47).

Therefore there are inflection points at (7, S(r)) = (7x,7), 2r,2x), and (37,37).

d. Use the information from the previous parts to sketch the graph. Check your work with a
graphing device if you have one.
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Problem 48.  Find the following qualitative features for f(x) = .

a. Find the domain, as well as the vertical and horizontal asymptotes (VA &HA).

Hasdomain{xl l—exth} ={x|ex¢1} ={x|x¢0}.
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lim -~ = —o0 and lim -~ = o, sox = 0 is a VA.
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lim & = lm 5 = lim —— = 57+ = -1, soy = -l isaHA.
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b. Find the intervals of increase or decrease.
/ _ (1-e*)e*—e*(—e") _ e*[(1-e*)+e*] _ eX
f (x) (l_ex)z (l_e)c)Z (1_ex)2 :

So, f'(x) > 0 for x # 0, and fis increasing on (—0,0) and (0, o).
C. Find the local maximum and minimum values.

Since the function is always increasing in its domain, there is no local maximum or minimum.

d. Find the intervals of concavity and the inflection points.
1 (1-e)%e"—e*2(1-e% ) (=e*) (1-e*)e*[(1—e*)+2e*] e*(e*+1)
X = = = .
f&) [(1-e?] (1-e*)* (1-e*)?

Since the numerator is always positive, " (x) > 0 when (1 — ¢*)* > 0, which implies

e* < lorx<O.



Therefore, f"(x) < 0 when x > 0.

So fis CU on (—0,0) and fis CD on (0, ).

There can be no inflection point, as the function never transitions from

CU+«CD within its domain.

e. Use the information from the previous parts to sketch the graph.
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