MATH 1272: Calculus Il

Discussion Instructor: Jodin Morey = moreyjc@umn.edu
Discussion Session Website: math.umn.edu/~moreyjc

7.8 - Improper Integrals
Review:
Definition: An improper integral is the limit of a definite integral IZ as an endpoint

(or both endpoints) of the interval of integration approaches either a specified real
number (e.g., b — 7), or positive or negative infinity (e.g., a > —x).

Infinite Intervals [Type 1]
¢ If j;f(x)dx exists (is finite) for every number ¢ > a, then ...

| j fx)dx = lim | ’ f(x)dx, provided this limit exists (has a limit, and is finite).

t—00

¢ If jff(x)dx exists for every number ¢ < b, then ...
[* faydx = tim [ flx)dx, provided this limit exists.
{—00
The improper integrals | : flx)dx and jio f(x)dx are called convergent if the

corresponding limit exists and divergent if the limit does not exist.
¢ If both | : f(x)dx and jio f(x)dx are convergent, then we define

J7 fdx = [ s+ [ fxyas.

The p-test: [” L-dxis convergent if p > 1 and divergent if p < 1.
https://www.desmos.com/calculator/ejmk1 xvet2

Discontinuous Integrands [Type 2]
¢ If fis continuous on [a,b) and is discontinuous at b, then ...

Ibf(x)dx = lim Itf(x)dx, if this limit exists (as a finite number).
a (b a
¢ If fis continuous on (a,b] and is discontinuous at a, then ...

["fydx = 1im [ flx)dx if this limit exists (as a finite number).
t—a™’

The improper integral j Z f(x)dx is called convergent if the corresponding limit exists

and divergent if the limit does not exist. ,
¢ If fhas a discontinuity at ¢, where a < ¢ < b, and both j:f(x)dx and jcf(x)dx are

convergent, then we define IZ f(x)dx = j; fx)dx + | f f(x)dx.

Comparison Test for Improper Integrals:
Assume f, g are continuous with f{x) > g(x) > 0 for all x > a, then:



¢ If j:f(x)a’x is convergent, then j:g(x)dx is convergent.
¢ If j:g(x)dx is divergent, then j:f(x)dx is divergent.

Problem #2 Which of the following integrals are improper? Why?

a) If tan xdx, b) Ig tan xdx, c) J.il dx d) I;O e dx.

x2—x=2"

a) Since y = tanx is defined and continuous on [0, 4], _|.OI tan xdx is proper.

b) Since y = tanx has an infinite discontinuity at x = 7, J.g tan xdx is a Type 2 improper integral.

. _ l _ 1 . . . . . . _ 1 dx .
c)Sincey = ——— = GG has an infinite discontinuity at x = —1, then I_l —- 5 1saType2

improper integral.

d) Since I: ¢~ dx has an infinite interval of integrations, it is an improper integral of Type 1.

Problem #40 Determine whether IO I“T;dx is convergent or divergent. Evaluate it if it is

convergent.

dx

implies du = 4, v =2 /x.

dx

Integrate by parts with u = Inx, dv = T

U Inx _ 1 U dx
[y Brdy = 2% Inx], -2 4

— lim ([2/% Inx]] -2 4=

—07
= lim (-2/fInt—-4[/x],) = lim (-2/7Int—4+4J7)
—-0* -0t

= -2 lim (/7 Int) — 4.

—0*
. . LH . 1 .
Observe that lim J/7Int = lim 22~ = lim —— = lim (-2J/7) = 0.
—0* -0t 12 —0* —%fj —0*
1
Inx — 47
So J.o o dx 4 is convergent.

1

Determine whether I_l dx is convergent or divergent. Evaluate it if it is convergent.

J.il %/1_2 dx = J.ilx_%dx = J.:x_%dx + Iéx—%dx



. ro_2 ) 1 _2 . 17t . 111
= limsqo I_lx 3dx + lim,o L X 3dx = hmpo[3x3 ]—1 + hrn,ﬂo[3x3 ]t

= Timeo (317 = 3(=1)7 ) +limo (3(1) 7 =317

=(0+3)+(3-0) =6.

Problem #42 Sketch the region § = {(x, y) :x<0,0<y< ex} and find its area (if the area is
finite).

Area = IO e*dx

—00

= lim [ e%dx

t— —oo
= lim [¢]" = lim (e —e")
- —00 {— —o0
=1-0=1.

Problem #52 Use the comparison theorem to determine whether I: t;‘ﬁ—;xdx 1s convergent or

divergent.

Forx > 0, tan'x < Z <2

tan~lx 2
SO 2+e* 2+e*

< X =2e™,
e

Now, I = [ "2e™*dx = lim [ 2e7dx = lim [-2¢™]j = lim (-2 +2)=2

t

—>



Soli i " tan_ i
s convergent, and by comparison, IO —5—-dx < I is also convergent.



